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Abstract 

We study the impact of heterogeneity of channel-state-information available at the transmitters (CSIT) on the 
capacity of broadcast channels with a multiple-antenna transmitter and k single-antenna receivers (MISO BC). 
In particular, we consider the k -user MISO BC, where the CSIT with respect to each receiver can be either 
instantaneous/perfect, delayed, or not available; and we study the impact of this heterogeneity of CSIT on the degrees- 
of-freedom (DoF) of such network. We first focus on the 3-user MISO BC; and we completely characterize the DoF 
region for all possible heterogeneous CSIT configurations, assuming linear encoding strategies at the transmitters. The 
result shows that the state-of-the-art achievable schemes in the literature are indeed sum-DoF optimal, when restricted 
to linear encoding schemes. To prove the result, we develop a novel bound, called Interference Decomposition Bound, 
which provides a lower bound on the interference dimension at a receiver which supplies delayed CSIT based on 
the average dimension of constituents of that interference, thereby decomposing the interference into its individual 
components. Furthermore, we extend our outer bound on the DoF region to the general fc-user MISO BC, and 
demonstrate that it leads to an approximate characterization of linear sum-DoF to within an additive gap of 0.5 for a 
broad range of CSIT configurations. Moreover, for the special case where only one receiver supplies delayed CSIT, 
we completely characterize the linear sum-DoF. 


I. Introduction 


Channel state information at the transmitters (CSIT) plays a crucial role in the design and operation of multi-user 
wireless networks. Timely and accurate knowledge of the channels can potentially help the transmitters mitigate 
the interference that they cause at the unintended receivers, therefore enabling them to increase the communication 
rate to their intended receivers. The common procedure for obtaining channel state information (CSI) is to send 
training symbols (or pilots) at the transmitters, and then estimate the channels at the receivers and feed the estimates 
back to the transmitters. As a result of this feedback mechanism, CSI may not always be perfect and instantaneous. 
For instance, CSIT may be outdated due to the fast fading nature of the channels or slow feedback mechanism, it 
can be noisy (imperfect), or not available at all. Therefore, one can expect that in a large network there would be 
various types of CSI available at the transmitters with respect to different receivers. This results in communication 
scenarios with heterogeneous or hybrid CSIT. 

As a result, there has been a growing interest in studying the impact of CSIT on the capacity of wireless 
networks, especially the broadcast channel. In particular, it was shown in |3) that even when the transmitter(s) only 
have access to delayed CSIT, there is significant potential for degrees-of-freedom (DoF) gain. They studied the 
problem of A:-user multiple-input single-output broadcast channel (MISO BC) with delayed CSIT, and showed that 
for such network DoF = +1 . This work was followed by several other works which studied other network 

configurations under the assumption of delayed CSIT, including interference channel [4j-|[7:], X-channel GD> 0, 
multi-hop networks 1101, and other variations of delayed CSIT fIT| . 

Most of these prior works assume that the entire network state information is obtained with delay. However, 
in a large network, one can expect various types of CSIT available at the transmitters with respect to different 
receivers. As a result, there have also been several works on studying the impact of heterogeneous (or hybrid) 
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CSIT on the capacity of wireless networks, where the CSIT with respect to each receiver can now be either 
instantaneous/perfect (P), delayed ( D ), or not available (N) (H -fT8|. However, studying networks under the 
assumption of heterogeneous CSIT becomes quite challenging, to the extent that only the DoF for 2-user MISO 
BC is characterized 151, 191; and beyond the 2-user network configuration even the DoF is unknown and the 
problem remains widely open. 

To make progress on the MISO BC beyond 2 users, in this paper we focus on characterizing the degrees of 
freedom when restricted to linear schemes (also called LDoF). Our motivation to focus on the linear degrees of 
freedom is based on recent progress made in |9|, 1201, where the concept of LDoF was introduced; and it was 
shown that for 2-user X-channel with delayed CSIT, LDoF can be characterized, while the information theoretic 
DoF remains open. Linear schemes are also of significant practical interests due to their low complexity; and in 
fact, the majority of DoF-optimal schemes developed so far for networks with delayed CSIT are linear. 

We consider the problem of MISO BC with hybrid CSIT, with a multiple-antenna transmitter and k single-antenna 
receivers (k > 2), and study its linear degrees of freedom. The channels are time-varying, and the CSIT provided 
by each receiver is either instantaneous (P), delayed ( D ), or none (N). We first study the case of k = 3, and 
fully characterize the LDoF for all 3 3 possible hybrid CSIT configurations. The result is obtained by developing a 
general outer bound on the LDoF region, and a matching achievable scheme for each of the CSIT configurations. 

The outer bound, which is the main contribution of this paper, is based on three main ingredients. The first 
ingredient is a novel lemma, called Interference Decomposition Bound. It essentially lower bounds the interference 
dimension at a receiver with delayed CSIT by the average dimension of its constituents, thereby decomposing the 
interference into its individual components. As a result of Interference Decomposition Bound, we can then focus on 
analyzing the dimension of constituents of interference at receivers which supply delayed CSIT, in order to derive 
an upper bound on LDoF. Proof of Interference Decomposition Bound is based on temporal analysis of dimensions 
of transmit signals at different receivers, leading to necessary conditions on the increments of such dimensions 
using the delayed CSIT constraint. 

The second main ingredient of the converse proof is MIMO Rank Ratio Inequality for Broadcast Channel, 
which provides a lower bound on the dimension of interference components at receivers supplying delayed CSIT. 
In particular, the bound states that if the transmitter employs linear precoding schemes, the dimension of each 
interference component at a single-antenna receiver supplying delayed CSIT is at least half of the dimension of 
the corresponding signal at any other single-antenna receiver. This inequality can be viewed as a variation of the 
Rank Ratio Inequality proved in |9j], which shows that if two distributed single-antenna transmitters employ linear 
strategies, the dimensions of received 1 inear subspace at a single-antenna receiver supplying delayed CSIT is at least 
| of the dimension of the same signal at any other single-antenna receiver. Note that the key difference between 
the two lemmas lies in the assumption of distributed antennas in Rank Ratio Inequality, which changes the proof 
techniques required to establish the inequality. 

Finally, the third ingredient of the converse, called Least Alignment Lemma, provides a lower bound on the 
dimension of interference components at receivers supplying no CSIT. In particular, the bound states that once 
the transmitter(s) in a network has no CSIT of a certain receiver, the least amount of alignment will occur at that 
receiver, meaning that transmit signals will occupy the maximal signal dimensions at that receiver. As a result, 
Least Alignment Lemma implies that the dimension of interference caused at a receiver which supplies no CSIT 
by the message intended for another receiver is at least equal to the dimension of the message itself. Using the 
three main ingredients we develop a converse proof which characterizes the linear DoF region for all 3 3 possible 
hybrid CSIT configurations of the 3-user MISO BC. 

We next extend the key proof ingredients of the converse for 3-user MISO BC to the general fc-user setting. 
In particular, we extend the Interference Decomposition Bound to the k -user setting to provide lower bound on 
the dimension of any interfering signal in an arbitrary receiver supplying delayed CSIT. In addition, we present a 
generalized version of MIMO Rank Ratio Inequality for BC, which provides a lower bound on the dimension of 
joint received signals at any arbitrary subset of receivers supplying delayed CSIT. Additionally, we extend the Least 
Alignment Lemma and show that under linear schemes, for arbitrary transmit signals the dimension of received 
signal at a receiver supplying no CSIT cannot be less than any other receiver. 

By extending the converse tools to the general fc-user setting, we provide a new outer bound on the linear DoF 
region of the general k -user MISO BC with arbitrary hybrid CSIT configuration. We demonstrate that our new 
outer bound leads to an approximate linear sum-DoF characterization to within an additive gap of 0.5 for networks 
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with more number of receivers supplying instantaneous CSIT than delayed CSIT; and the approximation gap decays 
exponentially with the increase in number of receivers supplying instantaneous CSIT. Furthermore, by using the 
outer bound and providing a new multi-phase achievable scheme, we present the exact characterization of linear 
sum-DoF for networks in which only one receiver supplies delayed CSIT. 

Notation. We use small letters (e.g. x ) for scalars, arrowed letters (e.g. x) for vectors, capital letters (e.g. A") for 
matrices, and calligraphic font (e.g. X) for sets. We also use bold letters (e.g. x) for random entities, and non-bold 
letters for deterministic values (e.g., realizations of random variables). 


II. System Model 

We consider the Gaussian A:-user multiple-input single-output broadcast channel (MISO BC) as depicted in Figure 
[I] It consists of a transmitter with m antennas, and k single-antenna receivers, Rxi,Rx 2 , .... Rx| : , where m > k. 
The transmitter has a separate message for each of the receivers. 



Fig. 1. Network configuration for fc-user MISO BC. 


Consider communication over n time slots. The received signal at Rxj (j £ {1,2..... k }) at time t is given by 

yj(t) = gj(t)x(t) + Zj(t), (1) 

where x(f) G C m is the transmit signal vector at time t; g)-(f) G C lxm denotes the channel coefficients of the 
channel from Tx to Rx y ; and z j(t) denotes the additive white noise which is distributed as CAA(0,1). The elements 
of the channel coefficients vector g)(i) are i.i.d, drawn from a continuous distribution and also i.i.d across time and 
users. Q(t) denotes the set of all k channel vectors at time t. In addition, we denote by Q" the set of all channel 
coefficients from time 1 to n, i.e., 


Q n = : j = 1,2,... ,k, t = l,...,n}. 


( 2 ) 


We denote the vector of transmit signals in a block of length n by x n , where x" is the result of concatenation of 
transmit signal vectors x(l),..., x(n). We assume Tx obeys an average power constraint, 2fA{||x"|| 2 } < I]). 

We focus on scenarios in which channel state information available at the transmitter (CSIT) with respect to 
different receivers can be instantaneous (P), delayed ( D ), or none (N). We refer to these scenarios as fixed hybrid 
scenarios, or hybrid in short. In particular, CSIT with respect to Rx ; , j = 1, 2,..., k, is denoted by Ij G { P. N, I )}, 


as defined in 151. In this notation, Ij = P indicates that Tx has access to instantaneous CSIT with respect to 


Rxj; i.e., at time t, Tx has access to (g)(1),... ,g)(f)}. Similarly, Ij = D indicates delayed CSIT with respect 
to Rxj; i.e., at time t, Tx has access to (g)(1),..., g)(t — 1)}. Finally, Ij = N indicates no CSIT, which means 
the channel to Rx^ is not known to the Tx at all. We assume that the type of CSIT for each receiver is fixed 
and does not alternate over time (nevertheless, channels are time-varying). Therefore, there are 3 k different fixed 
hybrid scenarios. As an example, we use PDD to denote the 3-user MISO BC where the first receiver provides 
instantaneous CSIT, while the other two provide delayed CSIT. 
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Definition 1. We denote the set of indices of users in states P,D,N by V ,'D. Af, respectively. In addition, for an 
ordered set S we denote by ng the ordered set obtained by a permutation of the elements of S, where we denote 
the elements of the new ordered set by 7Ts(l), 7 Ts( 2), ..., 7rs(|«S|). 

Note that according to Definition [I] V U V U M = {1, 2,..., k} and V C\V = V = V = tf). Based on 
the above description of channel state information, the channel outcomes available to Tx at time t are denoted by 
the following set: 

g t = {G t i -ieV}u{G t r 1 -jeV}. ( 3 ) 

We restrict ourselves to linear coding strategies as defined in j9l], in which degrees-of-freedom (DoF) represents 
the dimension of the linear subspace of transmitted signals. More specifically, consider a communication scheme 
with block length n, in which the Tx wishes to deliver a vector x y E C m ’ of rrij (n) E N information symbols 
to Rxj (j E {1.2..... /;•}). Each information symbol is a random variable with variance P 0 . These information 
symbols are then modulated with precoding matrices Vj(t) E C nixrn :i( n ) at times t = 1,2,... ,n. Note that the 
precoding matrix Vj (f) depends only upon the outcome of Q due to the hybrid CSIT constraint: 


Yj(t) = if 


(4) 


Based on this linear precoding, Tx will then send x(t) = Vj(f)xj at time t. We can rewrite x(t) as 

following. 

x(t) = [Vi(f)... V fc (f)][xi;... ;x fc ], 


where [A; B] denotes the vertical concatenation of matrices A and B (i.e., 


A 

B 


)■ 


Wedenote by VT E f nmxrn j( n ) the overall precoding matrix of Tx for Rxj, such that the rows l+(f—1) 


m. 


(5) 


, tm 


of V" constitute Vj(f). In addition, we denote the precoding function used by Tx by > = {/,■" }t=i,...,n- 
J j=X,..',k 

Based on the above setting, the received signal at Rx ; (j E {1.2...., A:}) after the n time steps of the 

communication will be 


y? = G"[V^.V£][x 1 ;...;x fc ]+z? > 


( 6 ) 


where G” E C nXT,Tn is the block diagonal channel coefficients matrix where the channel coefficients of timeslot t 
(i.e. are in the row t, and in the columns 1 + (t — 1 )m ,..., tm of G™, and the rest of the elements of G™ 

are zeroQ 

Now, consider the decoding of Xj at Rx ; (i.e., decoding the mj(n ) information symbols for Rxj). The corre¬ 
sponding interference subspace at Rxj will be 

Xj = colspan (G"[U i?y V?]) , 


where [Uis the matrix formed by row concatenation of matrices V” for i f j, and colspan(.) of a matrix 
corresponds to the sub-space that is spanned by its columns. Let zfs C n denote the orthogonal subspace of Xj. 
Then, in the regime of asymptotically high transmit powers (i.e., ignoring the noise), the decodability of information 
symbols at Rx^ corresponds to the constraint that the image of colspan(G''V") on X f has dimension mj(n): 

dim ^Proj x ± colspan (G= dim (colspan (G"V”)) = mj(n), (7) 

which can be shown by simple linear algebra to be equivalent to the following: 


rank[G"[U^ =1 V”]] — rank[G” [U^-Vf]] = rank[G"V”] = mj(n). 


( 8 ) 


Based on this setting, we now define the linear degrees-of-freedom of the A;-user MISO broadcast channel with 
hybrid CSIT. 


*For j € {1,..., k}, we define G° [V? .. . V“] = 0; therefore, for instance, rank [G°[V? ... V°]] = 0. 
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Definition 2. k-tuple {d \, d 2 , ■ • ■, (4) degrees-of-freedom are linearly achievable if there exists a sequence 

such that for each n and the corresponding choice of (mi(n), m 2 (n ),..., rrik{n)), (V", Vrf,..., VJf) satisfy the 

decodability condition of ^ with probability 1; i.e., for all j € {1,..., A’}, 

rank[G”[U* =1 V”]] - rank[G?[U^-Vf]] °= rank[G?V?] =' mj(n), (9) 


and 


dj = lim 

n—> oo 


n 


( 10 ) 


Wfe a/so define the linear degrees-of-freedom region LDoF reg i 0 n cts f/ie closure of the set of all linearly achievable 
k-tuples {d,\, d ‘2 ■ ■ . ■ ■ df). Furthermore, the linear sum-degrees-of -freedom (LDoF sum ) is defined as follows: 


k 

LDoF sum = max E dj, s.t. ( d. 1 . d . : 2 , ■ ■ ■, df) G LDoF reg i on . (11) 

3 = 1 

In what follows we first focus on the case of k = 3, and completely characterize the LDoF reg ion for 3-user MISO 
BC with hybrid CSIT. We then extend our bounds and present new outer bounds on the LDoF reg i on of the general 
A:-user MISO BC with hybrid CSIT. 


III. 3-user MISO Broadcast Channel with Hybrid CSIT 

In this section we focus on 3-user MISO broadcast channel with hybrid CSIT. In particular, we first state the 
complete characterization of LDoF reg j on for all hybrid CSIT configurations; and then, we present the proof based 
on 3 key lemmas. 


Theorem 1. Given a hybrid CSIT configuration, i.e., a partition of 3 users into disjoint sets V, D. and A I as defined 
in Definition [7J the LDoF reg j on is characterized as follows: 

LDoF reg i on — ^ ((7 1 . d‘ 2 . (1 2 ) | 0 ') d\,d 2 ,dz, 1, 

\V\+\V\-l _ 

Vi G V 1 M-K VvjTl \ i , ^2 —t’u-dx.C) _|_ ^ ^ 

j =i ieW 

a |c| A 

El+E^+E^sr 

jeP j =t J jeM 

Vi € V U V, di + J2 dj < 1 \ ■ (12) 

j£Af ) 


The LDoF re gion and the corresponding LDoF sum for different CSIT configurations are summarized in Table |7] 

Note that although there are 3 3 different CSIT configurations for 3-user MISO BC, many of them are permutations 
of one another, e.g. PPD , PDF , DPP. As a result, there arc only 10 distinct CSIT configurations which are 
presented in Table |T| 


Remark 1. The bound in Theorem [7] strictly improves the state-of-the-art bounds, and also leads to complete 
characterization of LDoF re gion for k = 3. For instance, for PDD (i.e. Rx\ supplying instantaneous CSIT, while 
Rx 2 . Rx;>, supply delayed CSIT) the prior results suggest that LDoF sum < \j [ 17 j/, [21], while by Theorem [7j LDoF 
is indeed equal to |. Similarly, for the case of PPD, the prior results [17], [21] imply that LDoF sum < 
by Theorem [7j LDoF sum = | 


sum 

l, while 


Remark 2. Theorem [7] implies that the state-of-the-art achievable schemes presented in / |/A[ / for PPD and PDD 
are both optimal from the perspective o/LDoF sum . 


Remark 3. It is worth noting that in any CSIT configuration which involves receivers with state N, the inequalities 
that constitute the LDoF region have coefficient 1 for the degrees-of-freedom of receivers with state N. In other 
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CSIT States 

Linear Degrees of Freedom Region (LDoF reg ion) 

LDoFsum 

PPP 

LDoFregKjn = j (di, d 2 , d 3 ) 0 < di,d 2 ,d 3 < lj 

3 

PPD 

LDoF regi0 n = |(di I da,d 3 ) 1 0 < di,d,2,d,3 < 1, y + y + d 3 < 1, y + y+d 3 <lj 

9 

4 

PPN 

LDoFregion = |(dl, d2, d3) 0 < dl, d 2 , d 3 < 1, di + d3 < 1, d2+d3<lj 

2 

PDD 

LDoFregion = |(di,d 2 ,d 3 ) 0 < di,d 2 ,d 3 < 1, 

di d2 , di | d3 

y + y + d 3 < 1, — + d 2 + — < 1, 

di , d 2 , , di d 3 ) 

y + y+d 3 <l, y+d2 + y <1} 

9 

5 

PDN 

LDoFregion = |(di, d2, ds) | 0 < di, do, ds < 1, y + d 2 + d 3 < 1, di+d 3 <l| 

3 

2 

DDD 

LDoFregion = |(di, d 2 , d 3 ) 0 < di,d 2 ,d 3 < 1, 

di d2 di . d3 di d2 , 

y + y + d 3 < 1, y+d 2 + y<l, y + y + d 3 < 1, 

dl , d 3 . d2 dp , g?2 ds 1 

y + d 2 + y<l, dl + y + y<h d 1 + T + y<l} 

18 

11 

DDN 

LDoFregion = |(di, d 2 , d 3 ) 1 0 < di, d 2 , d 3 < 1, y + d 2 + d 3 < 1, di + y + d 3 < lj 

4 

3 

PNN, DNN. NNN 

LDoFregion = |(di,d2,d 3 ) 0 < di , d 2 , d3 < 1, dl-)-d2 + d 3 < l| 

t 


TABLE I 

LDoFregion AND LDoF sum FOR ALL POSSIBLE CONFIGURATIONS OF HYBRID CSIT FOR 3-USER MISO BC. 


words, receivers that supply no CSIT do not contribute to the LDoF sum , and unless all receivers have state N, 
removing the no CSIT receivers from the network will not decrease the LDoF sum . 


In the remainder of this section we prove Theorem [T] To this aim, we first present the converse proof in Section 
III-A and then discuss the achievability in Section |III-B| 


A. Proof of Converse for 3-User MISO Broadcast Channel with Hybrid CSIT 


We first provide the three main ingredients that are key in proving the converse for 3-user MISO broadcast 
channel with hybrid CSIT We then show how those main ingredients arc used to prove the converse for two 
representative CSIT configurations (i.e. PDD and PDN). The proof of converse for other CSIT configurations 
can be found in Appendix [A] The first two ingredients of the converse proof deal with lower bounding received 
signal dimension at a receiver which supplies delayed CSIT, while the third ingredient captures the impact of no 
CSIT 

The first key ingredient is Interference Decomposition Bound, which essentially provides a lower bound on the 
interference dimension at a receiver supplying delayed CSIT, based on the constituents of that interference, as well 
as the received signal dimension at other receivers. It is stated below; and its proof is provided in Appendix [B| 


Lemma 1. (Interference Decomposition Bound) Consider k = 3, and a fixed linear coding strategy f tn> , with 
corresponding precoding matrices Vj'. V?,'. V)' as defined in Q. If I 3 = D (i.e., if Rx-> supplies delayed CSIT), 


rank[G"[V" Vg]] 


rank[G?V£] + rank[G£V£ ] 
”” 2 


°< rank[G£[V? 


VJ]]. 


(13) 


Remark 4. The R.H.S. of Interference Decomposition Bound represents the dimension of interference caused at 
Rx 3 , which supplies delayed CSIT, by the messages intended for Rx\. Rx-). On the other hand, the third term on 
the L.H.S. (i.e. rank[G(J V/,']) is the dimension of the remaining interference at Rx 3 after removing the contribution 
of the message of Rx 1 ; and the first two terms (i.e. rank G'/ [V” VJf]] — rank[G'|' V.',']) can be shown by ([9]) and 
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sub-modularity of rank (stated in Lemma |7]) to equal rank[G"V™ ], which is the dimension of message of Rx \. 
Hence, Interference Decomposition Bound provides an inequality which connects the dimension of interference at a 
receiver to the average dimension of its constituents. Note that statement of Lemma [7] does not assume any specific 
CSIT with respect to any receiver except Rx 3 . 


The second main ingredient, called MIMO Rank Ratio Inequality for BC, provides a lower bound on the dimension 
of received signal at a receiver supplying delayed CSIT. It is stated below; and its proof is provided in Appendix 

0 


Lemma 2. (MIMO Rank Ratio Inequality for BC) Consider k = 3, and a linear coding strategy f in \ with 
corresponding V”, Vlf, V 3 as defined in 0 . If 7,3 = D (i.e., if Rx,> supplies delayed CSIT), then, for each 
beamforming matrix V", where i E {1,2,3}, and each £ E {1,2,3}, we have 


rank[[G"; G”]Vf] 
2 


< rank[G"V"], 


(14) 


where [G?; G 3 ] denotes the column concatenation of matrices G" and G 3 . 


Remark 5. Lemma [2] implies that for any transmit signal V", the corresponding received signal dimension at a 
receiver with delayed CSIT is at least half of the corresponding received signal dimension at any other receiver. 
Note that statement of Lemma [2] does not assume any specific CSIT with respect to any receiver except Rx:>. 


The third main ingredient of converse, Least Alignment Lemma, demonstrates that when using linear schemes, 
once the transmitter has no CSIT with respect to a certain receiver, the least amount of alignment will occur at that 
receiver, meaning that transmit signals will occupy the maximal signal dimensions at that receiver. The lemma is 
stated below; and its proof is provided in Appendix [EJ 

Lemma 3. (Least Alignment Lemma) Consider k = 3, and a linear coding strategy with corresponding 
v?,vz,v% as defined in Q. For S C {1, 2, 3} let V" = [U , Gl 5 V}] denote the row concatenation of the precoding 
matrices V” where i E S. If I 3 = N (i.e., if Rx,> supplies no CSIT), 


W E {1, 2, 3}, rank [G£V n ] < rank [G£V n ] . 

Remark 6. Note that the statement of Lemma [T] does not assume any specific CSIT with respect to any receiver 
except Rx 3 . 


Remark 7. Lemma [7] can be seen as a variation of the corresponding result in the context of secrecy problems in 
m m Moreover, as shown in / | 19\j , Least Alignment Lemma also holds for non-linear schemes; and for this 
extension the reader is referred to / | / 9[ /. 


We now prove the converse for two representative CSIT configurations FDD and PDN, highlighting the 
applications of the above three lemmas. Converse proofs for other CSIT configurations can be found in Appendix 

0 


1 ) Proof of Converse for PDD: According to Table [I] it is sufficient to show that 4} + ^ + ( h + 1 and 
Is - + If + ^3 — 1; s i nce the other two inequalities (i.e. 4p + cfo + if < L and + ^2 + < 1) can be proven 
similarly using symmetry. Moreover, the bound 4p + 4^ + < 1 follows directly from the existing state-of-the-art 

arguments used in [3], [17]. Henceforth, we focus on proving 4r + + d% < 1. 

Suppose (di,d 2 ,df) degrees-of-freedom are linearly achievable. Hence, by Definition [2] there exists a sequence 
{/( n )}^= 1 suc h that for each n and the con'esponding choice of (mi (n), 777 . 2 ( 71 ), 7713 ( 77 ,)), (V{ 1 , V 2 , V 3 ) satisfy the 
conditions in ([ 9 J) and (101. Therefore, in order to prove yr + + ( h < K it is sufficient to show that 


777-1 (n) 777-2(77 


+ 


+ 7773(77) < 


77. 


(15) 


2 ' 4 

Note that since in the PDD configuration receiver 3 supplies delayed CSIT, we can invoke Lemma [T] which 
states that: 


2 x rank[G^[V(p V£]] > rank[G?[V} V£]] - rank[G5*Vj] + rank[G^V^] 

Ji. rank[G4 V 4 ] + rank[G^ V^]. 


( 16 ) 









We now further bound each side of the above inequality. We first upper bound the left-hand-side of the above 
inequality: 


rank[G£[V? V£]] «§. rank[G£[V? V£ V%}} - m 3 (n) < n - m 3 (n). 

On the other hand, for the right-hand-side of ( |T 6 j ) we have 

rank[G” V”] + rank[G£V£] 


(17) 


af. mi(n) + rank[G^V^] (Le ar S mi (n) + ^rank[[G£; G£]V£] 
> mi(n) + -rankfG^V^] ft rri\ (n) + -m 2 (n). 


(18) 


rai(n) + -r?i2(n) + 2 m 3 (n) < 2 n, 


(19) 


Hence, by considering (|T 6 |)-(|T 8 |). we obtain 

mi(: 

which proves ( [15] ), and therefore, completes the converse proof for PDD. 

Remark 8. Note that in order to prove + d 3 < 1 for PDD, we did not rely on any specific CSIT assumption 

with respect to Rx 2 . Therefore, the bound 'h + + d 3 < 1 also holds for the case of PPD. Moreover, note that 

by symmetry one can conclude that + -f + d 3 < 1 also holds for PPD. Hence, since according to Table |7j 
'2 + ^ + d 3 < 1 and + rl y + d 3 < 1 constitute the LDoF region for PPD, the above derivations suffice in 
proving the converse for the CSIT configuration PPD as well. 

2 ) Proof of Converse for PDN: According to Table [I] it is sufficient to show that 4^ + di + d 3 < 1 and 

di + d 3 < 1. Suppose (d\. d/ 2 , 7.3 ) degrees-of-freedom are linearly achievable. Hence, by Definition [2] there exists a 

sequence {/^}^= 1 such that for each n and the corresponding choice of (mi(n), m 2 (n), m 3 (n)), (V™, VTf, V 3 ) 

d\ 

2 

mi(n) 


satisfy the conditions in (|9|) and (|10|. Therefore, in order to prove + d^ + d 3 <1 and d \ + d 3 < 1, it is sufficient 
to show that 


+ m 2 (n) + m 3 (n) < n, 


and 

We have, 
m\{n) 


+ m 2 (n) + m 3 (n) 



mi{n) 

+ m 3 (n) < n. 



fl 

rank[G™V”] 

2 

+ m 2 (n) + m 3 (n) 


e 

a.s. 

rank[G” V”] 
2 

+ rankfG^ [V” 


V?]] 

(a) 

< 

rank[G?V?] 

2 

+ rank[G 4 [V r i l 

v?]] 

— ran] 

< 

rank[[G?; G: 
2 

nlyrq 

2j lJ +rank[G£ 

[V? 

v?]] 

(b) 

a.s. 

< 

rankfGg [V” 

V?]] +m 3 (n) 



1 

rank[G^[V 4 

V£]] +rank[G( 

[[V? 


(LemmaO 

a.s. 

< 

rank[G^[V4 

V% V3]] < n. 

I 



( 20 ) 


( 21 ) 


V3]] — rankfG^ [V” V£]] + m 3 (n) 


V 3 ]] — rank[G 3 [V” V. 


where (a) follows from the sub-modularity of rank of matrices (see Lemma [4] stated below); and (b) follows from 
Lemma [2] applied to RX 2 as the receiver which supplies delayed CSIT. Therefore, the proof of ( |20| ) is complete. 
We now prove ( |2~i~[ . 

ft rank[G JV?] + m 3 (n) 


m\(n) + m 3 (n) 


0 


rank[G?V?]+rank[G£[V™ V? V£]] - rank[G£[V4 V£]] 


(Lemma|4) rank [ G n y«] + rank[G£ [V?V£]] - rank[G£ V?] 
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t =1 t = 2 4 = 3 4 = 4 



Fig. 3. Achieving {di,d, 2 ,di) = (|, §, §) for PDD. 

(L Tr 0 rankfG?] [V” V£]] < n, 

which completes the proof of ( [2T] ). We now state the sub-modularity of rank of matrices (see [24] for more details). 

Lemma 4. (Sub-modularity of rank) Consider a matrix A mxn € C mxn . Let As, S C {1, 2,. .. ,n} denote the 
sub-matrix of A created by those columns in A which have their indices in S. Then, for any S \. S 2 C {1,2,..., n}, 
rank[v4 5l ] + rank[4s 2 ] > rank[A 5in s 2 ] + rank[4s,us,]. 

Note that a similar statement is true for sub-modularity of rank with respect to the rows of a matrix, instead of 
the columns as stated in Lemma [4] 

B. Proof of Achievability for Theorem [7] 

The regions described in Theorem [I] result in polytopes in M 3 ; and therefore, the LDoF regions can be completely 
described via their extreme points. Many of such extreme points can be trivially achieved (e.g. the point (1,1,0) 
for PPD)\ therefore, we only focus on the non-trivial extreme points and provide reference for each of them in 
Table HH 

The only non-trivial extreme point that has not yet been achieved in the literature according to Table [D] belongs 
to PDD, and is (|, i, {). The LDoF region suggested by Theorem [I] for PDD is shown in Fig. [ 2 ] Therefore, 
we only prove the achievability of (|, 5 ) for PDD. The scheme is illustrated in Fig. [ 3 ] We will show how to 

deliver 3 symbols ( 01 , 02 , 03 ) to Rxi, 2 symbols ( 61 , 62 ) to RX 2 , and 2 symbols ( 01 , 02 ) to RX 3 over 4 time slots 
in order to achieve (d\, d 2 , d 3 ) = (|, |). 
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CSIT States 

Non-trivial extreme points of the LDoF region and reference to the achievable scheme 

PPD 


(p 

^ , ^0,1, 2 ^) ac hieved in Section III-A of |13| 

J achieved in Section IV-D of 11 8| 

PDD 


P 

A 2 2 
V’5’5 
( 3 1 
p2’S 

^0 2 2 
^ ’ 3’ 3 

) ’ A’ 2 ac ^ eve 4 i n Section III-A of |13| 

^ achieved in Section IV-C of 118] 

achieved in Section |III-B| of this paper 
^ achieved in Section III-A of (3j 

PDN 

(’ 

, i, 0 J achieved in Section III-A of |T3| 

DDD 

PP 

/ 6 6 6 \ 
Ill’ll’IT J 

, 1 0, - , - j achieved in Section III-A of |3| 

achieved in Section III-B of (3] 

DDN 

_0 

2 \ 

-, — ,0 ) achieved in Section III-A of [3l 

13 J U 


TABLE II 

Achievability results for extreme points of different configurations of hybrid CSIT for 3-user MISO BC 


At t = 1, we simply send the uncoded 3 symbols (a\, a 2 ■ 03 ), which are desired by Rxi. Therefore, the transmit 
and received signals at the receivers are as follows (for the sake of DoF analysis, we ignore the additive noise): 


ai 
a 2 
a 3 




a 1 
02 
«3 


, j — 1 , 2 ,3. 


( 22 ) 


Denote the linear combinations received by Rxi, RX 2 , RX 3 at t = 1 by A 2 , A 3 . Notice that Rxi requires A 2 , A 3 
to be able to (almost surely) decode ( 01 , 02 , 03 ). Using delayed CSIT from Rx 2 ,Rx 3 , transmitter can reconstruct 

A-2, A 3 . 

At t = 2, the transmitter sends the symbols A 2 ,b\, b 2 as 


(23) 


where \gi(‘2) L ] is a 2 x 3 matrix, where pi(2)|i7i(2) ± = [0 0]. Therefore, the received signals at the Rx ; is (j = 



1 




- 




T 

h, 

x(2) = 

0 

A.2 H - 

9i (P 


U 1 

^2 


0 






1,2,3): 


%(2) — 9j{ 2) 


/ 


1 


0 

V 

0 


A 2 + 


yi(2) J 


bi 

b 2 


A 


(24) 


Note that by the end of time slot 2 Rxi is able to decode A 2 . We denote the linear combinations received by 
Rx 2 ,Rx 3 at t = 2 by Li(A 2 , bi, b 2 ), L 2 (A 2 , b±, b 2 ), respectively. 
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At t = 3, the transmitted and received signals are: 



1 





( 

1 




\ 




T 

Cl 





T 

Cl 


x(3) = 

0 

A3 + 



. yj(3)=ffj( 3) 


0 

a 3 + 









C2 







C2 



0 





\ 

0 




/ 


which suggests that Rxi would be able to decode A 3 . We denote the linear combinations received by Rx 2 ,Rx 3 at 
t = 3 by L 3 (A 3 ,ci,c 2 ),.M^ 3 ,ci,C 2 ), respectively. 

Note that if Rx 2 is given L 2 (A 2 , b\, bf), it can use its past received signals (i.e., A 2 and L\ (A 2 , b\, bf)) together 
with L 2 (A 2 , 6 i, 6 2 ) to decode both b\, 6 2 Therefore, Rx 2 needs L 2 (A 2 , 61 , 6 2 ). On the other hand, Rx 2 has access 
to L 3 (A 3 , ci, c 2 ). Similarly, Rx 3 needs Ls(A 3 , 01 , 02 ) to be able to decode both ci,c 2 , and it has access to 
L 2 (A 2 ,b 1 ,b 2 ). Therefore, at t = 4, the transmitter sends L 2 (A 2 , 6 i, 6 2 ) + ^ 3 (^ 3 , 01 , 02 ), which is of interest 
to both Rx 2 ,Rx 3 ; this is because RX 3 can then cancel L 2 (A 2 , &i, 6 2 ) from its received signal at t = 4 to obtain 
L 3 (A 3 , ci, c 2 ) which it needs. Similarly, Rx 2 can cancel ^ 3 (^ 3 , 01 , 02 ) from its received signal at t = 4 to obtain 
7 , 2 (A 2 , b\, bf) which it needs. Consequently, all receivers will be able to decode their desired symbols by the end 
of the fourth time slot; hence, the DoF tuple (§, 5 ) is achievable. See Fig. [ 3 ] for an illustration of the achievable 

scheme. 


IV. fc-USER MISO BC with Hybrid CSIT 

In this section we focus on the general fc-user MISO BC with hybrid CSIT. In particular, we first present an 
outer bound on the LDoF region of the general /e-user MISO BC for any arbitrary hybrid CSIT configuration. 
Then, we show that the bound provides an approximate characterization of LDoF sum for the case of \V\ > \V\, and 
exact characterization of LDoF sum for \T>\ = 1. We then present the key tools needed for proving the general outer 
bound; and finally, we prove the outer bound on the LDoF region. 


Theorem 2. Given a hybrid CSIT configuration, i.e., a partition ofk users into disjoint sets V.'D. and A f as defined 
in Definition [7j the LDoF reg i on is contained in the following region: 


LDoF 


region (I 


(,d 1 , • • •, 4) 


o<di,...,4<i, 


Vi G T>, V7r-p u: p\j, 


\v\+\v\ 

E 


3 =1 


^7r-p u x>\i (j) 


2 ? 


+ di + 'y ^ dj < 1, 


Vvrx), 


E dy 

k 


j&V 


\v\ 

+E 

3 = 1 


k-dU) 


+ X] - 1 ’ 

ieW 


(25) 

(26) 


Vi G?U D , di T ^ ) dj E 1 

j&JT 


(27) 


Theorem [ 2 ] enables us to approximately characterize LDoF sum to within for a broad range of CSIT con¬ 
figurations (\P\ > \D\). This gap (i.e. is less than or equal to 0.5, and decays exponentially to zero as \'P\ 
increases. Moreover, Theorem [2] allows us to exactly characterize LDoF sum for the case of \V\ = 1. These results 
are stated more precisely in the following two Propositions. 


Proposition 1. For general k-user MISO BC with \V\ > \V\, 

\V\<LDoF &um <\V\ + ^ l <\V\+ 1 2 . 

Proposition 2. For general k-user MISO BC with \V\ = 1, 

LDoF sum = \P\ + (28) 

Proofs of Propositions [T] [2] are provided in Appendix [F] and Appendix |Gj respectively. We will now prove 
Theorem [2] In particular, we first present the key ingredients of the proof, which are the generalizations of Lemmas 
[Tfl3] We then prove m-m- 
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A. Key Ingredients for Proof of Theorem [2] 

Similar to the proof for the case of 3-user MISO BC with hybrid CSIT, we need to extend the Lemmas [l]{3j We 
present the generalizations here, and then prove Theorem [2] We first present the generalized version of Interference 
Decomposition Bound in Lemma [T] The proof is provided in Appendix |Bj 

Lemma 5. (Interference Decomposition Bound) Consider a fixed linear coding strategy f n> , with corresponding 
precoding matrices V", Vg,..., as defined in ([?]). For any S C {1, 2,..., any £ E S, and any j f S for 
which Ij = D, 

rank[G?[U ie5 V?]] — rank[G£[U ieS Vf]] + rank[G?[U i&s V?]] ^ 

- ^rank[G?[U ie5 Vf]], (29) 

where [lJ , Gl 5 V"] denotes the row concatenation of the corresponding precoding matrices V(', where i G 5. 

Remark 9. Lemma [7] is a special case of Lemma [d] where S = {1,2}, j = 3, £ = 1. 

We now present the generalized version of Lemma [2j which is the second main ingredient of the proof, and is 
proved in Appendix [D] 

Lemma 6. (MIMO Rank Ratio Inequality for BC) Consider a linear coding strategy f ln> , with corresponding 
V”,..., as defined in Let Y” = G™ [Uj e ,s V”], where S C {1,2,..., k}. Also, consider distinct receivers 
Rx tl ,... ,Rxi j+1 , where j = 1, 2,..., k — 1 and i \,..., ij + \ E {1,..., k}. If Rx t ,,.... Rx, supply delayed CSIT, 
then, 


rank[Y”; 


3 + 1 


a.s. 

< 


rank[Y 


*i ’ 


(30) 


Remark 10. Lemma [2] is a special case of Lemma [d] where j = 1, i\ = 3, '<2 = £, and S = {?'}. 

Finally, we present the general version of Lemma [3j which is the third main ingredient for the proof of Theorem 

m 


Lemma 7. (Least Alignment Lemma) For any linear coding strategy with corresponding V" ,..., as 
defined in ([?]), and any S C {1,2,..., k}, if Ij = N for some j G {1,2,..., k}, 

G {1, 2,..., As}, rank [G?[U ie5 V?]] “< rank [G”[U ie5 V?]] , 


where [lJ , G 5 V{] denotes the row concatenation of the precoding matrices V}, where i G S. 

Using these three ingredients we now proceed to the proof of Theorem [2j and in particular proving the bounds 
@-([27]). 


B. Proof of Bound (25 1 in Theorem [2] 

Without loss of generality, suppose V = {1,..., \V\}, and V = {\P\ + 1,..., \P\ + \V\}, and A f = {\V\ + \V\ + 
1,..., k }. In addition, let i = \'P\ + \T>\, and 7r pux>\i be the identity permutation. Consequently, we can rewrite 
d25]l, and our goal is to show 

\v\+\v\-i d k 

2 J + d p\+\v\ + dj<l. ( 31 ) 

3 = 1 j=\P\ + \V\+l 


If the fc-tuplc (d .\, 1 ( 9 ,..., dk ) degrees-of-freedom are linearly achievable, then by Definition [2] there exists a se¬ 
quence {/^ n )}^ =1 such that for each n and the corresponding choice of (rai(n),m 2 (n), ..., m,k(n)), (VJ, Vlf ,..., V} 1 ) 
satisfy the conditions in (|9]) and (fTT>]>. Therefore, it is sufficient to show 


E 


3 = 1 


rrij (n) 
23 


k 

^ ^ a.s. 

A m\ v \ + \ v \{n) + 2^ rnj{n) < n. 

j=\V\+\'D\+3 


(32) 
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We upper bound each of the three terms on the L.H.S. of ( |32| ) separately. By induction and application of Lemma 
[5] and ([9]), one can prove the following claim, which provides an upper bound for the first term on the L.H.S. of 
}, and is proved in Appendix |H| 


Claim 1. 


\V\ + \V\-1 


V m j ( n ) a + r rp n [Tm -trn 11 

2 / 07 - r anK.H J | 7 ,| + | :D |[V 1 ... V|p| + | 25 |_ 1 JJ. 


3 = 1 


(33) 


We now upper bound m|-p| + p|(n), which is the second term on the L.H.S. of (32). By (j9j) we obtain 

m\v\+\v\{n) =’ rank[G^ |+p| [Uj fc =1 V”]] - rank[Gj^ |+p| [U^| P | +P |V"]] 

(Lemma|4j 


(a) 

a.s. 

< 


< rank[Gpp |+|I)| [V? ... Vj$,, +|7?| ]] - rankfG^^, [V? ... Vp p|+phl ]] 

rank[G|p |+|X)|+1 [V" ... Vj$, |+|2?| ]] - rank[G^ |+|I)| [V? ... V^ |+phl ]], (34) 

where (a) follows by Least Alignment Lemma (Lemma [7]) since receiver \'P\ + \V\ + 1 supplies no CSIT. 

We now upper bound Y^j=\v\+\v\+i which is the third term on the L.H.S. of (32). By (9), for all 

i G {\V\ + \V\ + 1,..., k}, 

(Lemma|4) 

mi(n) a = rank[G”[V" ... V£]] - rank[G?[U^V7]] < U rank[G?[V? ... V?]] - rank[G?[V? ... V?.,]]. 
Hence, by summing over all the inequalities for i G {\P\ + [D\ + 1,... ,k}, we obtain 

k 

E <‘rank[GJ[Vr ... V£]] - rank[G^ |+|c|+1 [V? ...Vf m|27| ]] 


3=\V\ + \D\+1 


k -1 


E ( rank t G " I V i ■ • • V "]l - rank[G" +1 [V" ... V?]]). 

»=|P|+|X>|+1 


(35) 


Note that since receivers with index in {\V\ + \V\ + 1,..., k} supply no CSIT, and due to their channel symmetry, 
for each i G {\P\ + \T>\ + 1,..., k — 1} we have 


rank[G?[Vf ... V,"]] a = s ' rank[G? +1 [V? ... V?]]. 


Therefore, by (35), (36) we obtain 


E m j (n) <rank[G£[V? ... V£]] - rank[G^ |+p|+1 [V? ... Vf^,]]. 

j=\V\ + \V\+l 


(36) 


(37) 


Hence, by summing the inequalities in (33), (34), and (37) we obtain 


\v\+\v\-i 

E 

3=1 


rrij (n) 


2i 


+ m\ v \ + \ D \ (n) + E m i ( n ) ^ rank[G£[V” ... V£]] < n, 

j=\V\+\V\+l 


which proves (32), thus, completing the proof of bound (25) in Theorem [2] 

C. Proof of Bound (26) in Theorem [2] 

Without loss of generality, suppose V = {1,, \P\}, and V = {\P\ + 1,..., \P\ + |P|}, and A f = {\V\ + \V\ + 
1,..., k}. In addition, let tt-d be the reverse of the identity permutation. Consequently, our goal becomes to show 


\v\ \v\+\v\ 

2 ~k + ^ |P| + \v\ + 1-3 
3=1 j= \v\+l 1 ' 1 I J j=\V\+\V\+l 


y— + E d i ^ L 


( 38 ) 
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Suppose (d \,..., dfc) are linearly achievable as defined in Definition [2j Then, by (101, it is sufficient to show 


m . x iti+pi 

E=^ + E 


nrij{n ) 


- + 


k ' ^ \V\ + \V\ + l-j 

j=1 j=\V\+1 I I 1 ' J j^p |+|D|+l 


E a.s. 

mj(n) < n. 


(39) 


We upper bound each of the three terms on the L.H.S. of ( |39| ) separately. We first upper bound the first term. By 
0, for all j = 1,..., |H 

rrij(n) °= rank[G?[V? ... VJJ]] - rank[G?[U^Vf]] 

(Lemma [4} 


rank[G™[V™ ... V"]] - rank[G™[V™ ... V?^]] 

rank[[G";...; G£][V? ... V?]] - rank[[G?;...; G£][V?... V]^]}, 


where (a) follows from the fact that for four matrices A, B. C, D, i'ankf/1 B] — rankf/i] < rank[,4 B;C I)\ — 
rank [B;D], and it can be proven using straightforward linear algebra. 

By summing the above inequalities for j = 1,..., \ V\, and dividing both sides of the resulting inequality by k 
we obtain 

aj. rank[[G";...; G£][V? .. - Vf*,,]] 

^ k ~ 

3 = 1 


k 


(40) 


We now upper bound the second term on the L.H.S of (39). For the receivers supplying delayed CSIT, i.e. Rx ; , 
where j = \P\ + 1,..., \P\ + \V\, by 


mj(n) 


we have: 

=• rank[G™[V” ... VJJ]] - rank[G"[U^V?]] 
(I ~S rank[G"[V” ... V"]] - rank[G”[V] 1 ... V?_,]] 


< 

(b) 


rank[[G”;...; Gf p|+|I)| ][V^ ... V?]] - rank[[G”;...; Gj$, |+|1J| ][V? ... V?.,]], 


where (b) follows from the fact that for four matrices A, B, C, D, rank[/l B] — rank /i] < ranked B: C I)} — 
rankf/i: D\. Hence, if we divide both sides of the above inequality by \V\ + \V\ +1 —j, and sum over all inequalities 
for j = \P\ + 1,..., \P\ + \D\, we obtain 


rrij(n) 


7 <'rank[G^ |+p| [V”...V 


n i 

|F| + |X>|J 


rank[[Gj^ |+1 ;...;G 




\T>\+\V\ 

^ YP\ I \T>\ l 1 _ j - *L — |>>| + |X>| L • 1 • • • ■ \F\+\U\1 ip! 

j = \V\+l ' ' 1 1 J 11 

l ™“ 1 rank[[G- ...; Gj$, |+pj |][V? ... V?]] rank[[G” +1 ;...; G^ |+p| ] [V? ... V?]] 

f=|F|+l 




|P| + |D| + l-j 


l^l + PI-J 


(Lemma [6} 


a a . LJ rank[Gf 7 , |+|2?| [Vr...Vf 7 , |+|1?| ]- 


rank[[G 


|P|+i 


■■■;G|5,| + | 1 ,|][vy...v|5,|] 


(Lemma[7J 


. s . LJ rank[G^ |+p|+1 [VL..V^ |+|X)| ] 


\V\ 

rank[[G^ |+1 ;...;G^ |+p| ][V-...V^]] 

\V\ 


(41) 


We now upper bound the third term on the L.H.S of ( [39] ) exactly the same way as we upper bounded the third 
term on the L.H.S. of (32). To avoid redundancy, we only restate the resulting bound which was stated in (37). 


E m » < rank[G£[V? ... V£]] - rank[G|5, |+|1J|+1 [V? ... VJ^ |+| ^,]]. (42) 

j=\P\ + \V\+l 

We now merge the upper bounds on individual terms on the L.H.S. of ( |39| ). By summing ( |40| ), ( |4T| ), and (42), 
we obtain 


W\ , . W\+[D\ 

E m An) \ 

-AA+ E 


mj (n) 


- + 


E 


k ' ^ \V\ + \V\ + l-j 

j=l j=\v\ + i 1111 J j= \ V \+\ D \ +l 
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< rank[G£[V?...V£]] + 

(c) 


rank[[G”;...; G£][V? ... Vfcfl rank[[Gf$, |+1 ;...; G^ |+|C| ][V? 


k 


V 


rank[G£[V?...V£]]<n, 

where (c) follows from Claim [2} which is stated below and proved in Appendix |Tj 

Claim 2. 

rank[[G";...; G£][V? ... VJJ,,]] Q>s . rank[[Gj*, |+1 ;...; G^ |+p| ][V? ... Vj*,,]] 
k ~ \V\ 

Hence, from (431, the proof of (39» is complete, which concludes the proof of (26 > in Theorem [2] 




(43) 


(44) 


D. Proof of Bound (27) in Theorem [2] 


The proof of ( |27[ ) is similar to proof of ( |25] ); however, the proof is presented here for completeness. Without 
loss of generality, suppose i = \V\ + \V\, and Af = {\V\ + \V\ + 1,k}. Consequently, our goal is to show 

k 

d\-p\4-\T>\ + V dj < 1. (45) 


l \v\+\v\ + E - 1 - 

j=\V\ + \D\+l 


Suppose (di, ..., d.k) are linearly achievable as defined in Definition [2j Then, by ( |To| ), it is sufficient to show 

k 

E a.s. 

inj (n) < n. (46) 

j=|7>|+|©|+1 


We upper bound each of the two terms on the L.H.S. of ( |46| ) separately. For the first term on the L.H.S of (46 1 , 
by we obtain 


m \v\+\v\ in) = rank[Gpp |+|I)| [V? ... V n k }} - rank[G|^ |+|I)| V?]] 

(Lemma[4} 
a.s 
< 


a.s. ~ rank[G^ |+p| [V? ... VfJ, |+p? |]] - rankfG^^, [V? ... 


(Le a| a0 rank[Gpp |+|:D|+1 [V" ... Vj$, |+|15| ]] - rank[G^ |+p| [V^ ... (47) 

We now upper bound the second term on the L.H.S of ( |46| ), exactly the same way as we upper bounded the third 
term on the L.H.S. of (|32]). To avoid redundancy, we only restate the resulting bound which was stated in (|37]>. 


E °< rank[G£[VT • • • Vfc]] - rank[G|5, |+p|+1 [Vr ... V 

j=\V\+\V\+l 


|P|+|©|]]- 


(48) 


We now sum the upper bounds on individual terms on the L.H.S. of (461: 


m\v\+\D\ (n) + E rank[G^[V? ... V£]] - rank[G[^ |+p| [V? ... VfE^-i]] < n, (49) 

j=\V\+\V\+l 

which completes the proof of (46 1 , thus concluding the proof of (27 1 in Theorem [2] 


V. CONCLUSION 

In this paper we studied the impact of hybrid CSIT on the linear DoF (LDoF) of broadcast channels with a 
multiple-antenna transmitter and k single-antenna receivers (MISO BC), where the CSIT supplied by each receiver 
can be instantaneous (P), delayed ( D ), or none (N). We first focused on the 3-user MISO BC; and we completely 
characterized the DoF region for all possible hybrid CSIT configurations, assuming linear encoding strategies at the 
transmitters. In order to prove the result, we presented 3 key tools, and in particular', developed a novel bound, called 
Interference Decomposition Bound, which provides a lower bound on the interference dimension at a receiver which 
supplies delayed CSIT based on the average dimension of constituents of that interference, thereby decomposing 
the interference into its individual components. 
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We then extended our main proof ingredients to the general k -user setting; and we presented a general outer 
bound on linear DoF region of the A;-user MISO BC with arbitrary CSIT configuration. We demonstrated how the 
bound provides an approximate characterization of linear sum-DoF to within an additive gap of 0.5 for the broad 
range of scenarios in which the number of receivers supplying instantaneous CSIT is greater than the number of 
receivers supplying delayed CSIT. In addition, for the case where only one receiver supplies delayed CSIT, we 
completely characterized the linear sum-DoF. 

There are several future directions the one can pursue in regards to this work. An interesting direction is to 
improve both the inner and outer bounds for linear DoF of A'-user MISO BC, where the number of receivers 
supplying instantaneous CSIT is less than the number of receivers supplying delayed CSIT. Another interesting 
future direction is to extend the results to the non-linear setting (DoF). To this aim, one needs to extend the three 
main ingredients of the proof of outer bounds to the non-linear setting. Least Alignment Lemma has recently 


been extended to the non-linear setting in [19]. Hence, an interesting direction would be to extend the Interference 
Decomposition Bound and MIMO Rank Ratio Inequality for BC to the non-linear setting. 


Appendix A 

Proof of Converse for Theorem Q] 

For each CSIT configuration considered in Table [j] we provide the converse proof. Note that the converse proof 


for the cases PDD and PDN are already provided in Section III-A Furthermore, since for the case of PPP the 
only bound is 0 < di, cfe, cfe < 1 according to Table |T} the proof is trivial. We now prove the converse for Theorem 
[I] for the rest of the CSIT configurations. 


A. PPD 

Note that as mentioned in Remark [ 8 j in order to prove ^ + Aj < 1 for PDD, we did not rely on any 

specific CSIT assumption with respect to Rx 2 - Therefore, the bound d j + + ci-j < 1 also holds for the case of 

PPD. Moreover, note that by symmetry one can conclude that ^ ^ + d% < 1 also holds for PPD. Hence, since 

^ ^ + c ?3 < 1 and r> 2 + ^ + ri .3 < 1 constitute the LDoF region for PPD according to Table [I] the derivations 

in the converse proof of PDD also prove the converse for PPD. 


B. PPN 


According to Table [T] it is sufficient to show that d\ + ci-j < 1 and d-> + (i.3 < 1 . We only show d 1 + (p < 1; 
since cfo + d% < 1 can be proven similarly due to symmetry. Suppose (d\, do. d-p is linearly achievable as defined 


Thus, according to (10», it is sufficient to show that mi (to) + m 3 (to) < to. By the Decodability 


in Definition 
condition in Q we have, 

mi (to) + m 3 (to) ari. rank[G”V”] + m 3 (to) 

a§. rank[G"V”] + rankfG^ [V” V£ V£]] - rank[G£[V? 
(Lemma[4) yn] + ran k[G£[Vf V£]j - rank[G£V?] 

(Le «r 0 rank[G£[V? V%]] < to, 
which completes the proof of converse for the case of PPN. 


V?]] 


C. PNN, DNN, NNN 

According to Table [I] it is sufficient to show that d \ + d -2 + fi .3 < 1. In addition, note that it is sufficient to prove 
d\ + d 2 + d% < 1 for the case of PNN; since any upper bound for PNN is also a valid bound for DNN and 
NNN. Suppose (d±, d/>. d:>,) is linearly achievable as defined in Definition [2j Them according to ( p~0] >, it is sufficient 

to show that mi (to) + m- 2 (n) + 7713 ( 71 ) < to. By the Decodability condition in (9 1 we have, 


mi (to) + 7772(77) + 7773(77.) 


rank[G” V”] + 7772(77) + m3 (to) 

rank[G”V”] + ranklG^V ) 1 V£ V£]] - rank[G£‘[V? V£]] + m. 3 (?7) 
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(Lemmag rank [ G yvy] + rank[Gy[Vy Vy]] - rank[Gyvy] + m 3 {n) 

Va]] + m 3 (n) 

Vy]]+rank[Gy[Vy V£ V£]] - rank[Gy[Vy V?]] 

V 2 " V 3 ]] < n, 

where (a) follows by applying Lemma [3] and considering Rx 2 as the receiver which supplies no CSIT. Hence, the 
proof of converse for the cases PNN,DNN,NNN is complete. 

D. DDD 

The bounds stated in Table [j] for DDD have been proven in |3j for general encoding schemes via network 
enhancement and using the fact that in physically degraded broadcast channel feedback does not increase the 
capacity. Therefore, the same bounds also hold for the class of linear schemes. See |3j for the bounds on the DoF 
of fe-user MISO broadcast channel with delayed CSIT. 


rl rank[G£[V? 
<§. rank[G£[V? 
(L 7r 0 rank[G£[V? 


E. DDN 

Note that according to Table [i] and due to symmetry of the first two users it is sufficient to show that ^+d 2 + 1/3 < 
1. The other inequality (i.e. di + ^ + d 3 < 1) can be proven similarly. Suppose (d\, (!■>■ d 3 ) is linearly achievable, 

as defined in Definition ^ Thus, according to (10 1, it is sufficient to show that 4- m 2 (n) + m 3 (n) < n. We 
have 

777.1 (n) / \ , \ J9) rank[GyVy] 


+ m 2 (n) + m 3 (n) 


( 9 ) rank[G" V"] 


+ m 2 (ra) + m 3 {n) 

+ rank[Gy[Vy Vy V£]] - rank[Gy[Vy V,?]] + rn 3 (n) 


(LemmaH) rank[GyV 


^ + rank[Gy[Vy V?]] - rank[Gyvy] + m 3 {n) 


< 

(a) 

a.s. 

I 

a.s. 

(Lemma[3) 

a.s. 

< 


rank [ [G^ ; Gy]Vy] 


+ rank[G£[Vy Vy]] - rank[Gyvy] + m 3 (n) 


rank [Gy [V” V£]] + m 3 (n) 

rank [Gy [vy vy]] + rank[Gy [vy vy vy]] - rank [Gy [vy vy]] 

rank [Gy [Vy Vy V£]] < n, 


where (a) follows by applying Lemma [2] to Rx 2 as the receiver which supplies delayed CSIT. Hence, the proof of 
converse for the case of DDN is complete. 


Appendix B 

Proof of Interference Decomposition Bound (Proof of Lemmas E0 

Note that Lemma [I] is a special case of Lemma [ 5 ] where k = 3, S = {1.2},j = 3, and 1=1. Therefore, in 
order to prove Lemma [T] and Lemma [5] it is sufficient to prove only Lemma [5] We first restate Lemma [5] here for 
convenience. 

Lemma [ 5 J (Interference Decomposition Bound) Consider a fixed linear coding strategy f in K with corresponding 
precoding matrices Vy, Vy,..., Vy as defined in ([7]). For any S C {1, 2,.. ., any £ 6 S, and any j (f S for 
which Ij = D, 


rank[Gy[U ie 5 Vy]] 


rank[Gy[U ieS Vy]] + rank[G? [U ie 5 V?]] 






< rank[G”[U i& sVf]]. 


2 


(50) 
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To prove Lemma [ 5 ] we first introduce some definitions. Consider a fixed linear encoding function f (n \ with 
corresponding precoding matrices V™,..., Vj£ as defined in (|4j). 

Definition 3. For 5 C {1,..., k}, t E S, j 6 {1,..., k}, we define 

Ti = {t G {1,... ,n} s.t. rank[G}[U ie5 V-]] =rank[G{ _1 [U i& sV{ _1 ]] + 1} 

T 2 = {t G Ti S.t. [g^(f)[Uj e5 Vj(f)]] € rowspan[G* _1 [Uj ei sV* _1 ]]}. 

Remark 11. T 1 is the subset of time slots in which the dimension of received signal at Rxp increases, while T 2 
is the subset of T ~1 in which the received signal at Rxp is already recoverable by using the past received signals at 
Rxj. The definitions of T~ i,7~ 2 focus only on the contribution of V", where i E S, on the dimension of received 
signals at different receivers; because the statement of Lemma [5] only involves V", where i E S. 

We now state two lemmas that arc the main building blocks of the proof of Lemma [5] 

Lemma 8. 

rank[G?[U ie5 V?]] - |T 2 | °< rank[Gy[U ieS V?]]. (51) 

Lemma 9. 

\T 2 \ - rank[G"[U * e< s V"]] < rankfG^U^V?]] - rank[G?[U i&s V?]]. (52) 

ift 

Note that proof of Lemma [5] is immediate from summing the inequalities in Lemma [8] and Lemma [9] Hence, we 
will prove Lemma [8] and Lemma [9j 


A. Proof of Lemma [S] 

Before proving Lemma[ 8 j we first provide its proof sketch for the special case of k = 3, j = 3, i = 1,5 = {1,2}, 
the same special case as considered in Lemma 1, to emphasize the underlying ideas. For such special case, Lemma 
[ 8 ] reduces to the following inequality: 

rank[G”[V” V£]] - |T 2 f< rank[G£[V? V£]], (53) 


which can be re-written in the following equivalent form: 


n — rankfG^ [V" V£]] <n- rank[G?[V? V 2 ]] + \T 2 \ 


(54) 


Note that the L.H.S. of (54 1 is basically the number of time slots t E {1,... ,n} in which rankfG^fV} V 2 ]] 


does not increase (compared to rank[G| [V{ ]]). Let us denote the set of such time slots by T~. First, note 

that in each t g r, either rank[G{ [V{ Vi,]] increases by 1 (compared to rank[G} 1 [V{ 1 V 2 x ]]), or it remains 

constant. Accordingly, we partition T into two sets, and upper bound the cardinality of each set. The number of 
those time slots t G T in which rankfG] [V{ V^]] remains constant is at most n — rank[G"[V" V?,']], which 


constitutes the first two terms on the R.H.S of (54 >. 


We now upper bound the number of time slots t G T, in which rankfG] [V{ V|]] increases by 1. In each 

such time slot, RX 3 receives an equation which is already recoverable by using its past received equations (since 
rankfGl [V] V 2 ]] does not increase). But note that due to the assumption of delayed CSIT for RX 3 , the transmitter 

does not know the channels to RX 3 when transmitting its signals at time slot f; and the received signal at RX 3 would 
be a random linear combination of transmit signals. In order for this random linear combination to be known at 
RX 3 , RX 3 must have already been able to recover each of the individual signals transmitted at time t, based on its 
past received signals. Note that if RX 3 knows each individual transmit signal at time t, it also knows any linear 
combination of them. Hence, it can already recover what Rxi receives at time t. Therefore, the number of time 
slots t G T in which rankfG] [V{ V|]] increases by 1 is upper bounded by the number of time slots in which 

the received signal at Rxi is already recoverable by RX 3 , and rankfG] [V{ Vf,]] increases by 1, which in turn, by 

the definition of 7 ~ 2 is equal to 7~ 2 |, the last term on the R.H.S. of (54). Thus, the proof sketch is complete. 
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The following is the general mathematical proof for Lemma [8] which relies on the above approach. Let us denote 
the indicator function by /(.). We then have 

n 

n - rank[G”[UV"]] = ^ J(rank[G$[U ig5 V*]] = ranklG^^U^V^ 1 ]]) 

t =1 

= /(rank[G*[U je5 V*]] =rank[G 5 - 1 [U ieiS V*- 1 ]])+ Y I(rank[G*[U ig5 V*]] = rank[Gf ^L^V?- 1 ]]) 
teT i 

<§■ Y ^(rowspan[U ig5 Vi(f)] C rowspan^-^U^V^ 1 ]]) + Y ^(rank[G* [U i&s V(]] = rank[G5 _1 [U ie5 Vj _1 ]]) 
teTi teTt 

< Y / (gK 0 [ u ie 5 v «( i )] erowspan[G 5 " 1 [U ieS V^ 1 ]])+ Y ^(rank[G* [U ig5 V*]] = rank[G$. _1 [u ig5 v 5 _1 ]]) 

ter i t^~r\ 

= \T a| + Y /(rank[G*.[U i65 V*]] =rank[G5.- 1 [Ui e5 V*- 1 ]]) 

< \r 2 \ + y ] i = |r 2 | + n — |Ti| 

= |r 2 |+n-rank[G?[U ie5 V?]], 

where (a) is due to Lemma [lOj which is stated and proved in Appendix [cjpj and (b) follows immediately from the 
definition of T By rearranging the above inequality, the proof of Lemma [8] will be complete. 


B. Proof of Lemma [9] 

We first state a claim which is useful in lower bounding the R.H.S. of the inequality in Lemma [9| and it can be 
proved using simple linear algebra; hence the proof is omitted for brevity. 

Claim 3. For two matrices A, B of the same row size, rank A B] — rank[/i = dim(span([s 0] s.t. [s 0] E 
rowspan[A B])). 


g^(f)[Uj G5 Vj(f)], where i E T 2 . We have 
rank[G" [U ig5 V”]]] - rankfG™ [U ig<s V" 


0 


We are now ready to prove Lemma [9] Let | g/ : ( t) [U ,; G 5 V t (f)] ] t g j - 2 denote the matrix constructed by rows 


(Claim[3j 


= LJ dim(span([s 0] s.t. [s 0] E rowspan[G’?[Uj & s\A 1 ]])) 


(a) 

> 

(Claim [3} 

( = } 

> 


dim(span([s 0] s.t. [s 0] E rowspan[[g^(i)[U ig5 Vj(f)]] tgr2 ])) 

rank[[g £ (f)[U ie5 Vj(f)]] ter2 ] - rank[[g^(f)[Uj e5 Vi(f)]]t e r 2 ] 

ifi 

\T 2 \ - rank[[g^(f)[U ie5 Vi(t)]]i er2 ] 
i^i 

\T 2 \- rank[G?[U ig5 V?]], 

i+t 


where (a) follows from the fact that for each t E T 2 , g/(f)[U, :e 5 V t (t)| E rowspan[G* 1 [U ,; gl 5 V- 1 ]]; hence, 
for each t E T 2 , gr(f)[U ie5 V i (f)] E rowspan[GJ[U ie5 Vf]]]; and therefore, rowspan[[g^(f)[U ie5 Vj(f)]]t er2 ] C 
rowspan[G”[Uj g 5 V”]]]. Furthermore, (b) holds since rank[[gf(f)[Uj e 5 Vj(f)]] tg 7 - 2 ] = 17~ 2 1-. which is due to the 
following: since T 2 fTifAtL T 2 , then t E Ti- Therefore, using the definition of T\, we get 


V* E T 2 , g*(*)[ u ieS v *(*)] $ rowspan (G* 1 [U ig5 Vj x }) . 


(55) 


Consequently, the vectors g^(f)[Uj gl sVj(f)], where t €. T 2 , are linearly independent; and therefore, we have 
rank[[g^(i)[Uj g sVj(f)]]t g 7 - 2 ] = \T 2 \. Hence, the proof of Lemma [9] is complete. 


“Lemma 


10 


is a variation of Lemma 6 in [9] which was stated for the setting with distributed transmit antennas. Proof of Lemma 


follows similar steps as in the proof of Lemma 6 in j9|; it is provided in Appendix |C] for completeness. 
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Appendix C 

Statement and Proof of Lemma [Tol 


Lemma 10. Consider a fixed linear coding strategy f in i with corresponding precoding matrices V”,..., Vj? as 
defined in (J7J). Consider an arbitrary index j, where j G {1,..., k\, and assume Ij G { I). N}; i.e., the transmitter 
has either delayed or no CSIT with respect to Rxj. In addition, consider an arbitrary set of receiver indices S, 
where S C { 1 ,..., k}. For any f G { 1,2,..., n}, let At, Bt, denote the following sets of channel realizations: 

• At = {G n | rank[G*[U ieiS y/]] = rank[G^u*^- 1 ]]}. 

• B t = {G n | rowspan[Uj e 5Vi(i)] C rowspan[G* _1 [Ujg,sV r / _1 ]]}. 

Then, 


Pr(<?" G u" =1 (A n B c t )) = 0. 


Proof: Note that due to Union Bound, it is sufficient to show that for any t G {1,2,..., n}, Pr(C/ n G AtCBf) = 
0. Consider an arbitrary t G {1,2,..., n}. Due to Total Probability Law, it is sufficient to show that for any channel 
realization of the first t — 1 timeslots, denoted by £/ t_1 , we have 

Pr(£? n G A n B c t \G l ~ x = G l ~ l ) = 0. (56) 


Consider an arbitrary channel realization of the first t— 1 time slots 1 and precoding matrices V{,... ,V£ (which 
are now deterministic because they are only function of the channel realizations for the first t — 1 time slots). Also, 
suppose that given Q t ~ 1 , Bf occurs; since otherwise, the proof of (56) would be complete. We denote the row h of the 
matrix [U iesVfit)] by [U iesVi, h (t)\. Note that by assuming B c t occurs, and denoting C = rowspan[G* ln ' T/t 11 
the following is true (according to the definition of Bt ): 




3h G {1,... ,m} s.t. [U ieS V iA (t)\ $ C 
=> 3h G {1,..., m} s.t. Proj £ _L [U ie 5 U i)fe (f)] 0. (57) 

Therefore, the m x mfin)) matrix [Proj^^ [Uj e 5 U,i(f)]; • • •; Proj^^ [Uig 5 V) im (f)]] is non-zero, which means 

that its null space has dimension strictly lower than m, the number of its rows. Hence, we have, 

Pr(g n eA t n B ( i\G 1 - 1 = g*” 1 ) ( = ] Pr(g n G AtlG*- 1 = G^ 1 ) 

- Pr(Proj£j.[g}(i)[Ujg5Vi(t)]] = 0| G l ~ X = G t_1 ) 

- Pr(g^(f)[Proj £ ^[Ujg 5 U,i(f)];...; Proj £i [Uig 5 U iim (f)]] = 0| Q l ~ l = G^ 1 ) 

= Pr(g^(f) T G nullspace([Proj £ x[Ui 6 5 Uj,i(f)];... ;Proj £ ± [Ujg 5 Uj, m (f )]] T )|^ _1 = G l ~ l ) 



where (a) holds since we assumed that for realization G l ~ 1 , Bf occurs; (b) holds according to the definition 
of At, (c) holds due to linearity of orthogonal projection; and (d) holds since, as mentioned before, the matrix 
[Proj^x [Ujg^Vi.iCf)]; • ■ •; Proj^i[Uig 5 V). i m(f)]] T is non-zero, meaning that its null space, which is a subspace in 
M m , has dimension strictly lower than rn. Therefore, the probability that the random vector gj(i) lies in a subspace 
in M m of strictly lower dimension (than m) is zero. 


Appendix D 

Proof of MIMO Rank Ratio Inequality for BC (Proof of Lemmas 


m 


Note that Lemma [2] is a special case of Lemma [ 6 ] where k = 3, j = 1, S = {?'}, and i\ = 3, U = ('• Therefore, 
in order to prove Lemma [2] and Lemma [ 6 ] it is sufficient to prove only Lemma [ 6 ] We first re-state Lemma [ 6 ] here 
for convenience. 

Lemma [6j (MIMO Rank Ratio Inequality for BC) Consider a linear coding strategy f' n 'K with corresponding 
V”,..., VjJ as defined in (j^j). Let Y” = G"[Ujg 5 V"], where S C {1,2,..., k}. Also, consider distinct receivers 
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Rxii, ■ ■ ■ ,Rxi j+1 , where j = 1,2,...,/?— 1 and ..., ij + \ G {1,...,/?}. If Rx !t ,. Rx, supply delayed CSIT, 
then, 


that 


rank[Y»;...;Y^ + J n< s. rank[Y?;...; Yg] 
3 + 1 “ 3 

Proof: Without loss of generality, we suppose that i\ = 1, = 2,..., 

rn I 

j + lJ 


rank[Y”; ... ; Yf +1 ] a,s. rank[Y?;...; Y" 


J + 1 


(58) 

j + 1. Thus, we need to show 

(59) 


Let us denote 

rank[A|f7] = rank[A; B] — rank[H]. (60) 

Hence, by sub-modularity property of rank (Lemma [4]), for matrices A. B. C with the same number of columns, 

rank[A|i7] > rank[A|L>; C]; (61) 

rank[A|C] + rank[£>|C'] > rank[,4; B\C]. (62) 

Moreover, we denote Y j(t) = gj(t)[UheS^h(t)] and Y* = [Yj;...; Y*]. For each i = 1,we have 
rank[Y i (f)|[Y t - 1 ;Y 1 (f);...;Y i _ 1 (f)]] 

® I {gi(t)[U hs sVh(t)] i rowspan[Y <_1 ; Yi(f);...; Yj_i(t)]) 

= 1 - I (ii(t)[Uhes'Vh(t)] Growspan[Y t_1 ;Yi(f);...;Yj_i(f)]) 

a°s. 1 - I (rowspan[Uft G5 V/ l (f)] C rowspan[Y t_1 ; Yi(i);...; Y;_i(i)]) 

( 6 ) 

> 1 - / (g j+ i(f)[U/ ie5 V /l (f)] GrowspanfY* 1 ;Yi(t);..,;Y i _i(i)]) 

® rank[Y j+1 (t) | [Y^ 1 ; Y 1 (t );...; Y^(t)]] 

9 lankfYj+i^IfY*- 1 ; Y^f);...; Y,(/)]] 

® rankftY^f);...; Y J+1 (t)]|Y*” 1 ] - rank^i);...; Y^i)]^" 1 ] 

9 rank^f);...; Y i+1 (t)] | [Y*~ 1 ; Y*+\]] - rankffY^f);...; Y^Y*" 1 ], 

where to see why (a) holds, we first present the following variant of Lemma [10] if At denotes the event: 
£i(t)[UhesVh{t)] G rowspan[Y t_1 ; Yi(f);...; Y*_i(f)], and B t denotes the event: rowspan[U/ ie5 V/ l (i)] C 
rowspan[Y* _1 ; Yi(f);...; Yj_i(t)], then 

Pr (At n Bf) = 0, (71) 


(63) 

(64) 

(65) 

( 66 ) 

(67) 

( 68 ) 

(69) 

(70) 


which can be proven using the same steps as in proof of Lemma [TOj therefore, its proof is omitted for brevity. As 
a result, I (At) = I(AtPiBt) + I(Atr\Bf)^.I(At C\Bt) = I(Bt), where the last equality holds since occurrence of 

Bt implies occurrence of At- Therefore, 1 — I (At) = 1 — I(Bf)- In addition, note that the left-hand-side of (a) is 
1 — I (At), and the right-hand-side of (a) is 1 — I(Bf). Hence, (a) holds. Moreover, (b) holds due to the fact that if 


rowspan[U ?lG5 V/ l (f)] C rowspan[Y* 1 -,Y 1 (f);...; Y*_i(t)], 

then, 

g j+1 (t)[U h&s V h (t)] G rowspan[Y t_1 ; Yi(f);..Yj_i(f)]. 


By summing both sides of ( [70] ) over i = 1,... ,j, and using ( [60] ) we obtain, 

rank[[Y 1 (f);...; Yj(*)]|Y*” 1 ] >' j (rank^i);...; Y J+ 1 (f)]|[Y*- 1 ; Y*~\]] - rankffY^f);...; Y^-(t)]| Y*” 1 ]) ; 

(72) 
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and by rearranging the above inequality and dividing both sides by j (j + 1 ) we obtain 


rank[[Yi(t);...;Y J -(t)]|Y t - 1 ] rank[[Yi(t); ...; Y j+ 1 (t)]|[Y 


t— 1. ‘V't— ii 

’ 1 j+iJ 


j + 1 


(73) 


Finally, by summing both sides of the above inequality over all t = l,... ,n, and using the definition in (60>, the 
proof of ([59]) would be complete, which concludes the proof of Lemma [ 6 ] ■ 


Appendix E 

Proof of Least Alignment Lemma (Proof of Lemmas [3]j7] ) 

Note that Lemma [3] is a special case of Lemma [7] where k = 3 and j = 3. Therefore, in order to prove Lemma 
[3] and Lemma [7] it is sufficient to prove only Lemma [7J We first re-state Lemma [7] here for convenience. 

Lemma [rj (Least Alignment Lemma) For any linear coding strategy f (n K with corresponding V",..., as 
defined in ([?]), and any S C {1,2,..., k}, if Ij = N for some j € {1,2,, k}, 

Vie {1,2,..., k}, rank [G?[U fe 5 V?]] “< rank G" L,; c 5 V' 1 ]] . 


Proof: Define rn(n) = rnfin). We first state a lemma that will be later useful in proving Lemma [ 7 J 

Lemma 11. ( (25j) For n 6 N, a multi-variate polynomial function on C n to C, is either identically 0, or non-zero 
almost everywhere. 

We now prove Lemma |7] Denote by [1 : n] the set {1, ... ,n}. Lor any matrix B nxm ( n) an d Ii C [1 : n], and 
/'2 C [1 : m(n)\, we denote by Bj,j 2 the sub-matrix of B whose rows and columns are specified by I\ and I 2 , 
respectively. Define the set of channel realizations A as: 

A = {g n \rmk[G?[U iGS Vn\ > rank[G?[U ie5 t?]]} . (74) 


In order to prove rank[G™[Uj ei s VJ* ]] < rank[G"[Uj e sV”]], we only need to show Pr(A) = 0. Since a matrix 
B nX m(n) has rank r if and only if the maximum size of a square sub-matrix of B with non-zero determinant is r, 

A c {g n \ 3/1 C [1 : n\,I 2 c [1 : m(n)\, |Ii| = |/ 2 |, 

s.t. det([G?[U, e5 ^]] 7liJ2 ) A det([G-[U ie5 ^]] /l)/2 ) = 0}, 

which can be rewritten as 


A C Li /jcjrn] {C?" |det ([Gf [U Vf 1 ]]h,i 2 ) A 0, det([G"[U ie 5 y i n ]]/ li / 2 ) = 0} . 

I 2 C[l:m(ri)] 

\h\=\B\ 


(75) 


Let X n denote a diagonal matrix of size n x n where the elements on the diagonal are variables in C. Then, for 
any I\ C [1 : ti] , I 2 C [1 : m{n)\, where \Ii\ = \I 2 \, det([X n [U; ei sI/7 1 ]] Il jf) is a multi-variate polynomial function 
in the elements of X n . Note that if for some realization X n = G", det( A.'" [U ,; G 5 Vf ] i^jf) A 0, then the polynomial 

identical 

function defined by dct([A ' 1 [U,; 6 l s Vf]]h,i 2 ) i s not identical to zero ( i.e., det( [X n [Uj e s V-f]]h,i 2 ) A 0)- So, by 
( |75] ), we have 

identical 

Acu 7l c[i :„] {Q n \ det( [X n [Ujg 5 Vf]]j 1 j 2 ) A 0, det([G^UjgsL/ 1 ]]/,,/,) = 0} 

J 2 C[l:m(n)] 

|A|=|A| 

identical 

= u 7 l c[i:n] {G n \det([X n [U ieS Vf]}i 1} i 2 ) A 0, G^isrootofdet([A”[U ie5 ^]] /li/2 )}. (76) 

I 2 C[l:m(n)] 

IAI=IL| 


Note that by Lemma [TT| for every I\ E [1 : n],I 2 E [1 : m{n)\, |/i| = \I 2 \, we have 


identical 


Pr({fiHdet([X"[U iesV?]\i u i 2 ) A 0 , G] is root of det([X"[U ie 5 K*]] Jli7a )}) = 0 . 


(77) 






23 


So, since finite union of measure-zero sets has measure zero, 

identical 

Pr(U { 6 ? n |det([X n [U ie S V?]\i u i 2 ) f 0, G”: root of det([X"[U ie sK*]] JliJa )}) = 0, (78) 

I 2 C[l:m(n)] 

\h\=\h\ 

which by (76) implies that Pr(„4) = 0. Therefore, according to the definition of A in <|V4]), 

rank [G?[U ieS V?]] °< rank [G?[U ie 5 V?]] , (79) 


which completes the proof of Least Alignment Lemma. ■ 

Remark 12. Using the same line of argument as in the proof of Lemma [7] one can prove Lemma [7] for a more 
general network setting where there are arbitrary number of transmitters, and the transmitters have arbitrary 
number of antennas. In addition, the statement of Lemma [7] holds even if Rxj. Rxf have multiple but equal number 
of antennas. 


Appendix F 

Proof of Proposition [I] (Constant Gap Characterization for \P\ > \V\) 

In this Appendix we show that for \P\ > \U\, Theorem |2| leads to an approximate characterization of LDoF sum 
to within an additive gap of as presented in Proposition [if First, note that for the special case of \'P\ = P = 0, 
LDoF r egion is completely characterized by {{d\,... ,dk) | ^-' =l d n < 1}. Thus, henceforth we assume that 

V X). 

Moreover, note that a naive lower bound for LDoF SUI11 is |P|; since we can focus only on the \V\ receivers that 
provide instantaneous CSIT, and for those \P\ receivers we can perform zero-forcing to cancel interference and 
achieve \P\ as a lower bound on LDoF sum . Using this lower bound we show that for the case where \V\ > \T>\, the 
statement of Proposition [T] holds. In particular, we first consider the case where \'D\ = 0. For this case, by (27) in 
Theorem [2] we have 


MieVuV, 


di 4- ^ ^ dj < 1, 
jeW 


which, together with Mi, di < 1, yields 


LDoF sum <\V\. 


(80) 


(81) 


Hence, the naive lower bound of \V\ on LDoF sum is tight for the case where \'D\ = 0. Moreover, LDoF sum for the 
special case where \V\ = 1 is characterized in Proposition 2 Therefore, we only need to prove Proposition [I] for 
the case of \P\ > \V\ > 1. Recall that by (251 in Theorem 2 


Mi E V,M'K-p VJ ' D \ii 


\V\+\V\~l 

U "K-p u - D \i{j) 


3 = 1 


27 


+ di + 'y ^ dj < 1 . 
je M 


(82) 


Without loss of generality, suppose V = {1,... ,\P\}, and V = {\P\ + 1,..., \V\ + |77|}, and J\f = {\P\ + \V\ + 
1,..., k}. In addition, let i = \V\ + \'D\, and TT-p u x>\i be the identity permutation. Consequently, by (|25j) in Theorem 
[2] we obtain: 

\v\+\v\-i 

y, tit+ d m+ \ V \ + dj < 1, (83) 

i— 1 


— + d\ v \ + \ v \ + ^ 
ieW 


or equivalently, 


\v\ 


\V\ + \V\-l 


+ ^ fi +d \v\+\v\)+ Y d i - L 


(84) 


2—1 


i=|P| + l 


j eA/ - 


Note that in the above inequality there are \P\ different coefficients (i.e. , t^w) for receivers in V, and \V\ 

different coefficients (i.e. 2 i-pi+i > • ■ ■ ■ 2 rp|-p - i ■ 1) f° r receivers in V. Due to symmetry, we can consider all the 
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possible \P\\ x [D\\ joint permutations of the receivers in V and V, leading to permutations of the corresponding 
coefficients in (84 1 . By summing over all those resulting inequalities, and diving by \V\\ x \V\\, we obtain 


1 d- 1 

^ - + ^ + ~ 
i= 1 


, \v\+\v\ 

i)( E Aj + E^ 1 - 


2 |p| 2 |P|+|x>|-ffiv mi 

H^l+i feW 


(85) 


Note that LDoF sum < max , d n subject to (85 l and d, < 1 for all i, which is basically a simple linear program. 

\V\ \ 


By solving the linear program, one can easily see that 

\V\ 


LDoF sum < max \\V\ + 


1 


2i p i+ i- ^r’ |:P| + 2i^r 1, i+ 1 


1 


^ 2l’ p l 2l' p l + l' D l _1 

Note that since we assumed |"P| > |P| > 1, the above inequality simplifies as follows: 

LDoF sum < \V\ + 

which together with LDoF sum > \P\ leads to 


21^1 + 1 - 


l 

2I®!- 1 


\P\ < LDoF sum < \P\ + 


\V\ 


21^1 + 1 — 2\v\-i 

Therefore, the gap between upper and lower bounds on LDoF SUI11 is upper bounded as 

\D\ 


( 86 ) 


(87) 


( 88 ) 


Gap = 


21^1 + 1 - 


\V\ \V\ 1 

- < -—- < -—L < _ 

i - 2 | P | - 2 \ V \ - 2 - 


Flence, the proof of Proposition [I] is complete. 

Appendix G 

Proof of PROPOSiTiON[2](LDoF sum = 1^1 + 2^ FOR \ V \ = 1) 

We focus on the /.--user MISO BC with only one receiver supplying delayed CSIT. We first prove the converse. 
Assume without loss of generality that V = {1,..., \V\}, V = {\V\ + 1} and AT = {\V\ + 2,, k}. Further, let 
i = \V\ + 1, and vr -p\jD\i denote the identity permutation. Then, by Theorem [2] the solution to the following linear 
program provides an upper bound on LDoF sum : 


LDoF. 


< max di 

i=1 

|p| 

s.t. 


2—1 


97 + d \P\+i + d i - L 


(89) 

(90) 


0 < di < 1 , i = 1 ,..., k, 

where the first constraint in the linear program is due to (25 I in Theorem [2j Thus, by solving the above linear 
program one can readily see that 

LDoF s „m <\V\ + ttLt- (91) 


<\v\ + Wv 

Flence, the converse proof is complete. We now present the achievable scheme, which is a multi-phase scheme 
that uses hybrid CSIT available to the transmitter to perform interference alignment. The new achievable scheme 
generalizes the schemes for PD in [ 131 and PPD in [ T 8 | (see Figure [4] for the special case of PPPD). 

To achieve LDoF sum of \V\ + we will ignore the receivers in Af; and we show that we can linearly achieve 
(di,..., d\-p\ + i) = (l,..., 1, 2 iVr)- Therefore, if, with slight abuse of notation, we denote K = \P\ + 1, we need 
to show that the following DoF tuple is linearly achievable: 

(92) 


(di,..., dK-i,dx) = ( 1, ■ ■ • j 1, 


2 k ~i 
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To this end, we present a new multi-phase communication scheme which 

• operates over 2 A_1 time slots; 

• delivers 2 h 1 symbols to each of the receivers 1 ..... /T — 1; 

• delivers 1 symbol to receiver K. 

The overall scheme is split into K phases, indexed as i = 0, 1, 2...., (K — 1): 

• the duration of i-th phase is ( 1 ) time slots; 

• each of the first ( K — 1) receivers obtain new (interference-free) linear equations in every time slot; 

• receiver K obtains ( A “ 1 ) equations during phase i (one corresponding to each time slot). 

At the end of the i-th phase, receiver K does the following: it uses its received () equations from phase (i — 1) 
and ( a 7 1 ) equations in phase i to obtain ( A ~ 1 ) new equations with the following specific property: each equation 
is a lineal - combination of the desired symbol by Rxk and (K — 1 — i) undesired symbols, where each undesired 
symbol is in fact desired by another receiver. 

Throughout the proof of the achievable scheme we only utilize the first K transmit antennas; therefore, without 
loss of generality we can assume as well that there are only K transmit antennas. We first start with Phase 0, and 
then explain the transmission strategy for an arbitrary phase i in full detail. 


A. Phase 0 

Phase 0 is of duration ( K „ 1 ) = 1, i.e., this phase only has 1 time slot. In this phase, the transmitter sends 2 


information symbols for each of Rxi, Rx 2 ,..., Rx x- 1 , denoted by (si.sf), along with 

one symbol, denoted by s k, for the /\-th receiver. Let gs (T) _ , where S C { I..... A — 1}, denote a full row rank 
matrix of size (K — |<S|) x K, where each row of gs(l) J is peipendiculai' to any g, { I) where i € S. We need to 
deliver one equation about (sj , sf) interference-free to Rx,, for i — l..... K — 1. To this aim, the transmit signal 
at time 1 will be: 


K—l 


Xl(!) = ^[S{i,...,A--i}\{i}(l) ± ] T 


i =1 




(93) 


As a result, each of the first K—l receivers obtain one equation in 2 desired symbols: 

cl 


-LiT 


y*(l) = & (!) [g{l,...,AT—(!) ] 


* = 1, • • •, K - 1; 


(94) 


and receiver K obtains s k along with interference from the other symbols: 


K—l 


Yk(X) = SA'(l)[g{l„..,A--l}\{i}(l) ± ] T 


i= 1 


+ gA(l)[g{l,...,A-l}(l) X ] T SA, 


which can be re-written as: 

Ya( 1) = Ll(sJ, sf) + L 2 (s\, s|) + . . . + L K -i( S^_ 1; + (gA-(l)[g{i,...,x--i}(l)- L ] T ) 8k, 


(95) 


(96) 


-Lit 


where (s^sf) = gA(l)[g{i„..,A-i}\{i}(l) ] 


s? 


. We observe that the IT-th receiver has obtained 1 equation, 


and this equation has (K — I) interfering order -2 symbols, where each order -2 symbol is desirable by one of the 
other (K — 1) receivers. In particular, each order-2 symbol Lj(s|,s?) is desired by Rx*. 

The puipose of subsequent phases of the scheme is the following: in each phase i, we deliver the interference 
symbols of phase i — 1 to the intended receivers while simultaneously sending new information symbols. This 
should be done in an iterative manner to create a new set of equations at the A-th receiver with net interference 
from a smaller set of receivers, where the interference is useful for that set of receivers. With this broad goal in 
mind, we next describe the transmission strategy for the general phase i. 
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B. Phase i 

Duration of Phase i is ( A ^ X ) time slots. Let us index the slots as j = 1,2,..., ( A ^ 1 )- 

1) Transmission in slot j, j = 1,2,..., ( 1 j: In each time slot j, the transmitter selects i receivers out of first 
(K — 1) receivers. This splits the set of (K — 1) receivers into two disjoint sets, and for simplicity we denote these 
as: 

• 12 (Repetition set): this is a set of i receivers. Let us denote the indices of the receivers in this set by 

(pi,P2, • • • ,Pi). 

• T (Fresh set): this is the remaining set of (K — 1 — i) receivers, and we denote this set of receivers as 

{Pi+l, ■ ■ ■ ; PK—\) 

The basic idea behind the scheme can now be explained clearly: 

• Note that in phase (i — 1), the A'-th receiver has obtained ( ; ' equations, where each equation is a linear 
combination of ( K — i) undesired symbols and the intended symbol (of the A'-th receiver). 

• Via delayed CSIT, the transmitter can reconstruct all of these equations within noise distortion. 

• Out of these equations, the transmitter focuses on those equations which consist of all symbols from 

the receivers p*+i,..., pi <-1 (i.e., the receivers belonging to the fresh set T). In total, there are exactly (*) = i 
such equations. The reason is that each equation in phase (i — 1) has interference from exactly (K — i ) receivers. 
We zoom in on such equations with interference from (K — 1 — i) receivers p l+ \.... ,pk- i, and thus the 
remaining flexibility is to choose 1 more interference symbol. The total remaining receivers to select from are 
(K — 1) — (AT — 1 — i) = i and hence the number of ways is (*) = i. 

• From each of these i equations, the transmitter reconstructs the only symbol in the equation which is desired 

by one of the receivers in the repetition set {pi,P 2 , ■ ■ ■ ,Pi)- Let us denote the reconstructed symbols by 
s p , (j),.... Sp (j) . Also, we denote those i equations as following: 

s P i(j) + LCi : where LCj is a linear combination of symbols for receivers in set T U {A'} (97) 

s p 2 (j) + PC 2 : where LC 2 is a linear combination of symbols for receivers in set T U {A'} (98) 


Sp. (j) + LCi '■ where LCi is a linear combination of symbols for receivers in set T U {A'}. 


(99) 

( 100 ) 


• For each of the (K — 1 — i ) receivers in the fresh set, the transmitter sends 2 precoded fresh (i.e. new) symbols. 
Let us denote these as (s£ i+ 1 (j), s| 4+1 (j)), (sj. +a (j), s^ i+a (j)) up to (s^O), s^^j)). 

Hence in the j- th slot of phase i, the transmitter sends: 


Mj) = }\{p r (j)}U) 

r =1 


_LiT 


S PrU) 

K -1 

+ E [S{1, 


s p r (i) 

0 

r=i+l 


S lrU) 


( 101 ) 


i repetition symbols 


2(K— 1— i) fresh symbols 

Clearly, the set of repetition receivers {p\,p 2 , ■ ■ ■ , Pi} receive one symbol without interference. Similarly, the set of 
receivers {pi+ 1 ,..., pk- 1} also receive one clean (interference-free) useful symbol in this slot (which is a linear 
combination of the two fresh symbols). 

2) Operation at Rxk in time slot j of phase i: Let us now focus on Rx ]< at the 7-th time slot of phase i. Rx f x - 
obtains 

i K -1 

y K(i,j) = ^2oi r (i,j)s Pr (j)+ LC ( s l r U)^ s lr( i))> ( 102 ) 


r =1 


r=i +1 


where a r (i,j) denotes the coefficient of the symbol s Pr (j) when received at Rxand LC(Sp (j), Sp (j)) denotes 
the linear combination of s* (j),Sp (7) received at Rx j(. Note that from phase (i — 1), the receiver also has i 
equations s Pl (j) + LC \...., s Pi (j) + LCi as mentioned in (|97])-( 1001. Using these i equations together with (1021, 
receiver K eliminates the i symbols s p , (j), s p , 2 (j )...., s p {j ); and it is left with an equation of the following form: 


PC Pi+1 (j) + LC Pi+2 (j) + ... + LC Pk _ 1 (j) + s k ■ 


(103) 
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® (?) (?) (?) 



Fig. 4. Scheme for 4-user MISO BC: PPPD Setting. 


This equation consists of (K — 1 — i) interfering symbols, where each interfering symbol LC Pr (j) is desired by 
Rx Pi ., for r = i + 1, i + 2,..., (AT — 1). 

Recall that the slot index j varies from 1 to ( K 7 1 ), each slot corresponding to the partitioning of the set of 
K — 1 receivers into two disjoint sets of size i and (K — 1 — i). Each slot gives the A'-th receiver one equation 
with interference from exactly (K — 1 — i) receivers. Hence, in total, at the end of phase i, the receiver has ( 1 ) 
equations, and each equation has interference from symbols desired by exactly (K — 1 — i) receivers. Thus, we can 
now readily apply this process iteratively. 

3) Phase AT — 1 (the last phase; corresponding to i = K — 1): Before the last phase K — 1, (i.e., just after 
phase K — 2), the A’-th receiver has = K — 1 equations, and each equation has interference from 

exactly (K — 1) — (i — 1) = (K — 1) — (K — 2) = 1 receiver. Hence, the A'-th receiver has K — 1 equations of 
the following form before the last phase: 

LC'i + sk, LC 2 + s^,..., LCk_i + s^, (104) 

where LC[ is desired by receiver 1, LCl, is desired by receiver 2, etc. 

In the last phase, whose duration is only 1 slot (since = 1), the transmitter sends LC \..... PC ' K _, 

without any interference to receivers 1,..., K — 1 by utilizing instantaneous CSIT. Receiver K obtains a linear 
combination of LC[,... LC' K _ 1 . Hence, the A’th receiver has K equations in K variables LC\. LC' 2 , ■ ■ ■, LC' K 
and sk■ Therefore, it can decode s k ; and the proof is complete. 


C. Illustrative Example - 4 User MISO BC 

Here, we present the achievable scheme for K = 4 to clearly illustrate the idea behind the iterative scheme. For 
the case of 4-user MISO BC with PPPD, the goal is to achieve: 


(d\,d2,d3, d±) 


1) 1)1) 23 


( 105 ) 


Here, the scheme has K = 4 phases, with the following phase durations: 
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• Phase 0: (jj) = 1 time slots; Tx sends two new information symbols for each of the first three receivers, and 
one symbol for the fourth receiver. Each of the first three receivers will receive a linear combination of its 
two desired symbols without any interference. 

• Phase 1: = 2 time slots; in each time slot, Tx sends the signal received in the past by Rx/<- with respect 

to the symbols of one of the first three receivers; and it also sends two new information symbols for each of 
the other 2 receivers supplying instantaneous CSIT. 

• Phase 2: (:]) = 3 time slots; in each slot, Tx sends fresh information for 1 receiver with instantaneous CSIT 
and supplies past signals received by Rx j< with respect to the remaining 2 receivers supplying instantaneous 
CSIT. 

• Phase 3: ('!) = 1 time slot; Tx sends past received signals by Rx x which are desired by the three receivers 
supplying instantaneous CSIT. 

See Figure [4] which illustrates the achievable scheme for 4-user MISO BC, where the first 3 receivers supply 
instantaneous CSIT, while the fourth receiver supplies delayed CSIT. 


Appendix H 
Proof of Claim Q] 

We first re-state Claim Q] here for convenience. 

Claim [U 


\v\+\v\-i 

E 

3 =1 


rrij{n) 


2 -? 


<'rank[Gf mp| [ViE..V^ |+|I , | _ 1 ]]. 


\v\+\v\- 


(106) 


To prove Claim [I] we first prove the following inequality by induction, and then show how it leads to proving 
Claim [I] 


i —1 

E 

3 =1 


mj(ri) rank[GjIp|_ ) _|. D | [Vf ... VppppJ] 


23 


+ 


>i -1 


<‘ rank[Gp |+|:D| [V? ... Vfo+pp-J], t = 2,..., \V\ + \V\ - 1. 


\v\+\v\ 


We prove ( 107[ ) by induction on i. For the base case of i = 2, the inequality in ( 107[ ) simplifies to 
mi(n) ran k[Gp| + p| [Vj ■ ■ • VppppJ] 


+ 


< rank[Gp |+ p! [V" ... VppppJ] 


\V\+\V\- 


(107) 


(108) 


2 2 

Hence, the base case of i = 2 holds due to Femma [5] and ([9]). Suppose that the induction hypothesis is true for 
i = s. We show that it will also hold for i = s + 1. By our assumption we have 


S — 1 


rank[G 


|P|+|X>|[ V 1 ’ ' ' V |P|+|D| —lJJ - 


ill > E 


rrij(n) rank[Gp| + p| [V" ... VppppJ] 


3 = 1 


23 


+ 


2 s 


-i 


(Lemma[5]) 

a.s. 

> 


(Lemma [4} 
a.s. 

> 


[V? +I ...vp 


s— 1 i \ rank[G™[V™...Vppi^i^^i]] rank[G"[V" +1 ...V^,| + | I ,|_ 1 ]]-(-rank[Gppj + | 1 ,| L * » |-p|_|_|x>|-ij. 

m j( n ) 77 


3 = 1 


23 


2 s ~ l 


23 


s-i . , rank[G”[V” ... VjJ]] - rank[G£[U fc{ 1 ,..., fc} V? ]] + rank[G" |+ p, [V ? +1 ... V” p.J] 
yy mj{n) + i^ s 

j= 1 

s— 1 

E 

3 = 1 
s 


mj (n) rank[G-V-] + rankfC^,^, [V? +1 ... V^ |+ p hl ]] 


23 


+ 


yy rrij(n ) + rank[Gj^| + p| [V™ +1 ■ ■ • V |p|+|d|_i]] 


23 


2 s 
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Hence, the induction hypothesis holds for i = s + 1 as well; and as a result, the proof of (107 1 is complete. We 
now show how (107 1 leads to proof of Claim [I] Let i = \P\ + \D\ — 1. Then, by (107), 


rank[G 


\v\+\v\ 


[V? ... V 


|T|+|X>|-lJ 


a.s. 

> 

P\+\V\-2 

x rrij (n) 

^ 2 3 

3= 1 

(Lemmaa[6) 

a.s. 

> 

\V\+\V\-2 

rrij[n) 

2-^ 23 

3 = 1 

> 

l^l + PI-2 , . 

nij [n) 

2-^ 2 3 

3= 1 

1 

l^l + PI-l , , 

m j\ n ) 

2-^ 2 3 

3= 1 


+ 


+ 


2\-P\+\v\-2 


21-PI+PI-t 


(n) rank[G 


\v\ + \V\-l^[P\ + \V\-l\ 


2 \v\+\v\-i 


which completes the proof of Claim |T] 


Appendix I 
Proof of Claim [2] 


We first re-state the Claim for convenience. 

Claim [2j 

rank[[G?;...; G£][V? ... Vf*,,]] Q<s . rank[[G^ |+1 ;...; G^ |+p| ][V?... 


k 


\V\ 


(109) 


Proof: 


We consider the notations ( 60 1 , (61 1 ; and we use Y" = G'-jV™... V”p|], and Y j(t) = gj(f)[Vi(f)... V|-p|(f)]. 
Furthermore, we denote by YTTthe column concatenation of matrices G™[V™ ... V^], where j G S. Therefore, 
we need to show that 


rank[Y”;...; Y(!'] a.s. rank[Y. 


For all t = 1, 


, n, we have 


(|P| + |Af|)xrank[Y c (f)|Y^ 1 ] ® E (\V\ + |Af|) x rankfY^KY^ 1 ; Y |p|+ 1 (f);...; Y^t)}} 

i=\V\+l 

\V\+\V\ 

E E rank[Y J (f)|[Y^- 1 ;Y | ^ |+ 1 (f);...;Y i _ 1 (f)]] 

i=|P|+i jevuJV 

\v\+\v\ _ 

E E rank[Y,(i)|[YS;Y^-V]] = \D\ E rank[Y,(f)|[Y£;Y^]] 

i=\v\+i jeVuJV jeruAf 


k 


\r\+\v\ 


\V\ 


( 110 ) 


xrank[Yp uAr (f)|[YS,;Y^-V]], 

where (a) follows from the same arguments as in ([63])-(|67|) which were used to show that 

rank[Y* (i) | [Y t_1 ; Yi (f);...; Y,_ a (t)]] °> rank[Y J+1 (t)\ [Y t_1 ; Y x (f);...; Y^t)]], 

for the case where i G {1,... ,j} C V, and Y i_1 = [Y* -1 ;...; Y*- -1 ]. 

By summing both sides of the inequality ( 111 [ ) over all t = 1,..., n, we obtain 

(\V\ + |Af|) x rank[Y£] “> \V\ x rank[Y£ uA HY£] 

® \V\ x rank[Y";...; Y£] - \V\ x rank[Y£]. 

Finally, by rearranging the above inequality we obtain (TTOj), which proves Claim [2j 


( 111 ) 


( 112 ) 
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